The general results of previous work *> 2 are applied to the propagation of ALFVEN waves in certain rotational symmetric magnetic fields. It is shown that for finite field strength no bound states of such waves exist. The transmission and reflection coefficients are calculated for a certain class of simple fields.
I. It has been shown in a previous paper 2 that the solution of the ALFVEN wave equation for a wave propagating in an inhomogeneous field can be reduced to the solution of an ordinary differential equation if the following conditions are satisfied:
1. In the undisturbed equilibrium configuration electric current-lines and magnetic field-lines shall be directed perpendicularly everywhere.
2. The velocity vector of the disturbed configuration shall be directed parallel to the current lines.
3. Nothing shall depend on a curvilinear coordinate directed parallel to the current lines.
A general curvilinear coordinate system was introduced. In this coordinate system one family of coordinate lines is directed along the field lines, the second family of coordinate lines along the electric current lines and the third family of coordinate lines perpendicular to both of it.
The ALFVEN wave equation under these conditions can then be brought into the form: Q0(o)) 2 v 2 + U 1 g 22 (g22 u 1 t; 2 , i),! = 0.
(1.1)
Upper indices indicate contravariant and lower indices covariant tensor components. The comma sign stands for ordinary differentiation. In (1.1) are £0 the equilibrium density, in general space dependent, co the frequency of the wave. V is the velocity vector with the contravariant components r a ={0, v 2 , 0}.
* Supported in part by the National Aeronautics and Space Administration.
It is a vector connected with the magnetic field vector H0 of the equilibrium configuration by the equation:
The contravariant components of U are given by u a ={u\ 0, 0} .
gik is the metric tensor being diagonal and having the components:
\0 0 g3J
Equation (1.1) must be supplemented by the equation of continuity. Since ALFVEN waves are associated with no change in density this equation is:
A third equation being of importance is the divergence equation of the magnetic field H0 resp. U. This equation is given by:
Since nothing shall depend on x 2 equation (1.2) is automatically satisfied.
II.
Of special importance with regard to practical applications are ALFVEN waves propagating in fields possessing rotational symmetry.
In this case the coordinate line rr 2 is directed along the azimuth cp. The two other coordinate lines the x 1 and X s lines are located in the r, z plane of a cylindrical coordinate system, r, <p, z.
The metric tensor has the general form: The derivatives in (2.2) are taken with regard to the coordinate z l . It is however, more expedient to take the derivative in an invariant way that is independent of the scaling of the coordinate values z 1 . For this reason we express the derivatives with regard to z 1 by derivatives with regard to the arc length 5 along the coordinate line z 1 . This connection for any function F is given by
The upper prime shall indicate derivation with regard to the arc length 5 of x 1 . Introducing the derivative with regard to the arc length s in (2.2) we obtain From (2.7) it is evident that the contravariant component v 2 is just the angular velocity of the torsional ALFVEN wave. We substitute therefore instead of v 2 the angular velocity Q. Thus equation (2.6) has finally the form III. For any given field configuration r and u are known functions of position and thus equation (2.6a) can be always solved. On this basis however, it is not possible to obtain some general results which can be easily compared with experiments. For each field configuration it is necessary to carry out a cumbersome numerical calculation, first to determine u and r as a function of position then to solve (2.6a).
It is however possible to simplify the solution of (2.6a) by observing that the torsional wave propagates along the field lines and thus along magnetic flux tubes.
If we approximate this flux <5m by the expression <3>m^iJzr 2 H0 ocur = const (along x 1 ) (3.1)
we can simplify equation (2.6a) into it can be brought into:
Integrating (3.6) and (3.7) yields the two equations: (3.13) (semicolon stands for the covariant derivative).
One thus obtains for the covariant component of the current density j 2 -(clVln) g-* (V^iO.a (3.14)
or by making use of (3.8), (3.11) and introducing the physical component for j 2 : j = Vg22 j 2 -rj 2 :
This calculation shall be supplemented by a geometrical consideration to understand the meaning of equation (3.11). For this purpose we consider at some distance z = z0 of our cylindrical coordinate system r, z two field lines at r = r0 and r = r0 + dr (Fig. 1) . Now let us assume that the slope of two neighboring field lines possess a common vertex which is just located on the axis of symmetry, say at z = A. It is then easy to see that if the field lines have this property, they obey condition (3.11). To show this we set up a polar coordinate system, q, 0 the origin of which is located at the vertex point A. This polar coordinate system will then locally coincide with the curvilinear coordinate system of the field lines and its orthogonal trajectories at the point Tq , 2q . The line element in the polar coordinate system is given by the expression d5 2 = de 2 +e 2 d<9 2 . Now it is therefore Q= IT. sin 0 ' d£> = sin 6 dr d5 2 = dp 2 + d0 2 . Now locally we can put:
from this follows that g33 has the desired form: gM = r 2 f(a?). For geometrical reasons, also, it is apparent that the field line structure, as indicated in Fig. 1 , must obey the condition: u oc 1/r 2 (along x x ).
All field lines located in the r, z plane obey then the parametric equation r = a (a; 3 ) f(z). a(a^) varies from field line to field line and f(z) is a function common to all field lines. Fig. 2 -4 show examples for such fields. It should be pointed out that there is no restriction on the choice of u(s). Any u(s) which is a nonsingular function is permissible. This can be seen immediately. Any field line has to obey the equation
where C is some parameter changing from field line to field line. Since u = u(s) it follows from (3.19) that r = r(s) and therefore also s = s(r) is for a given u = u(s) a known function. From 5 = s(r) follows by differentiation with respect to z: (ds/dr) is a given function of r, therefore for any given Ü = U(Ä) and given field line parameter C the equation of the field line can be determined by a quadrature.
x 3 lines
But even if any function h 2 (s) is permissible, it might be difficult however, to set up the necessary current distribution to realize the corresponding field.
It is especially suggestive to select for k 2 (s) such functions in which equation (3.3) is solvable in a closed form.
IV. It might be suspected that for the calculation of reflection and transmission coefficients of ALFVEN waves by field inhomogeneties only the width and height of a "magnetic potential barrier" is the predominate parameter not the associated distribution of the electric currents necessary to create the field and which might be quite complicated.
In order to study the reflection and transmission of an ALFVEN wave let us first apply BORN approximation. For this we start from (3.3) which we write in a different form: is the ALFVEN velocity at any position 5 whereas aoo is the same velocity at ± 00 . The reflection-coefficient is given by the expression:
The transmission coefficient T can be calculated from: R + T= (5.1) has just the property that the wave number k 2 (±oo)=kJ for s= ±00 and k 2 (0)=k0 2 for 5 = 0. Depending on whether k^^k^2, (5.1) represents a "well" or a "barrier". T is the "width" of the "potential". It is convenient to introduce 2 )<0 the reflection coefficient is a hyperbolic function of i ß which is a hyperbolic function of real argument since ß will be imaginary.
